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ISOMETRY TO SPHERES OF RIEMANNIAN MANIFOLDS
ADMITTING A CONFORMAL TRANSFORMATION GROUP

KRISHNA AMUR & S. S. PUJAR

1. Introduction

Let M be an orientable smooth Riemannian manifold of dimension » with
Riemannian metric g;;. Let K;;;,, K;; and K denote the Riemann curvature
tensor, the Ricci tensor and the scalar curvature of M respectively. Let X be
an infinitesimal conformal transformation of M so that

(1.1) (LXg)ij = ngij 5

where p is a function on M, and Ly denotes the Lie derivative with respect
to X. Recently Yano and Hiramatu [3], [4] have obtained conditions for M
to be isometric to a sphere without assuming any condition on the scalar
curvature function. The purpose of the present paper is to extend the study
of the above authors. Among the four lemmas which we shall prove, two
(Lemmas 1.1 and 1.2) relate to some of the main results of [3] and [4]. Also
Theorems 1.1 and 1.2 in this paper generalize some of the results of [3] and
[4].
The tensor fields G, Z [2] and W [1] required in our study are given by

(1.2) Gy =Ky — Xg,,
n
(1.3 Zosgw = Ko — _K‘“(ghkgij — ghjgik) s
nn—1)
(1.4) Wi = 0Zpin + 01816Gis — 5:81/Gin + Di8:7Grs

— b8xGrs + bs8riG i — 081xGri »

where a, b,, - - -, by are constants, and W was first introduced by Hsiung.

As usual 7 denotes covariant differentiation on M. We denote F,p by p; and
gV ;0 by p*. Dp denotes the vector field on M associated with the differentjal
1-form dp. The Laplace-Beltrami operator on M is given by 4 = gl ,l ;.
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For the sake of easy reference we list some known formulas (for details see
(1] and [2]):

(1.5) LyK = —2(n— 1)4p — 2Kp ,
(1.6) [X,Dp]K = LyL, K — L, LyK ,
(1.7) Ly (Wi WHiIE) = —4‘0Wh1,‘jkWhijk - 2CGijVin >

where ¢ > 0 is given by

Kl LA P S [:\j (_1)2'-1171]2
n—2 =1 =1
(1.8)

6
+ (n— 1) 31 b2 — 2(bsbs + b,b, — biby) .
=1

We prove the following lemmas and theorems.

Lemma 1.1. Let M be a compact orientable smooth Riemannian mani-
fold of dimension n > 2 admitting an infinitesimal conformal transformation
X satisfying (1.1). Then

(1.9) j oKL KdV = (n — 1) J Lo, LyKdV — L J (L K)dV .
o M

Lemma 1.2 (Yano and Hiramatu [4]). For a manifoid M having the
same properties as in Lemma 1.1 we have

J. Kp'p.dV
M
1.10) _ 1 B )
= mL{ [4(n — DX, DplK + 2(n—1(n + 2)L, L K
-+ 4nKZp2 — ”(LXK)z]dV .

Lemma 1.3. For a manifold M having the same properties as in Lemma
1.1 we have

. 1
Keoip! — —  _QKp + L Kz]dV
L{[qpp 4n(n—1)( o+ LK)
= _2_I oW s s WHIkQAY — %J‘ LyL (W, ;s WI)dV
(1.11) " ne Ja
1
— . {2nK?p? 2)K,
.[ [PiP (n—l){n o' + (n + 2)KpL K

+ <LXK>2}]dV ,
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where c is given by (1.8) and is assumed to be positive.
Lemma 1.4. For a manifold M having the same properties as in Lemma
1.1 we have

1 _
Kooiol — Y (oK LKZ]dV
JM[ wee 4n(n—1)( o+ LK)

1
2nc

(1.12) = % f W WAV — j LL (W W0V

)
1 { x,poikav ,
+ o M[ o]

where ¢ is given by (1.8) and is assumed to be positive.

Theorem 1.1. If a compact orientable smooth Riemannian manifold M of
dimension n > 2 admits an infinitesimal nonhomothetic conformal transforma-
tion X satisfying (1.1) such that

f LaL (W i oWV
M

(1.13) .
—ne f [Kpipi 1 nK% + (n + KoLK
e 2n(n — 1)

+ L]av <o,

where ¢ > 0, then M is isometric to a sphere.
Theorem 1.2. For a manifold M having the same properties as in Lemma
1.1 with ¢ > 0 we have

A14) [ (LALaOFaup#™%) — clX, DAKIV 20 (> 0),

where the equality holds if and only if M is isometric to a sphere.

Remark. Theorems 1.1 and 1.2 are equivalent and generalize [3, Prop-
osition 12] and [4, Proposition 3] respectively.

We need the following known lemmas and theorem.

Lemma A (Yano and Sawaki [51). If a compact orientable smooth
Riemannian manifold M of dimension n admits an infinitesimal conformal
transformation X satisfying (1.1), then for any smooth function f on M we
have

L{ pfdV = —% L{ Lyfav .

Lemma B (Yarno and Hiramatu [4]). For a manifold M having the same
properties as in Lemma A we have
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1.15) ~nj ooV KV = 1 j UKV = j LyL, KaV
¥ 2 Ju 174

(1.16) —j (o)L yKdV =j Ly, LyKdV .
M M

Lemma C (Yano and Hiramatu [4]). For a manifold M having the same
properties as in Lemma A we have

(1.17) “"L, (doydV = L o (dp)aV .

Theorem A (Yano and Hiramatu [3]). If a compact orientable Riemannian
manifold M of dimension n > 2 admits an infinitesimal nonhomothetic con-
formal transformation X satisfying (1.1), then

1

1.18 j K, ooldV < — 1
( ) M w08 ~ 4nn—1)

j (2Kp + LyKYaV ,
M
equality holding if and only if M is isometric to a sphere.

2. Proofs of lemmas and theorems

Proof of Lemma 1.1. Multiplying (1.5) by LzK, integrating over M and
using (1.16) we obtain (1.9).
Proof of Lemma 1.2. Using (1.5) and (1.6) we have
(X, DplK = LyLp K + 2(n — l)in,;(dp) + Zp‘oiViK + 2Kp¢p" .

Integrating over M and using (1.15) and (1.17) we get

j Kowp'dV = lf [X, DplKdy — =2 j LyL,,KdV
34 2 Jx 2n b4

+ (=D prav,

which in view of (1.5) and (1.6) takes the form

j Kpi'dV = L f [X, DolKdV — =2 f Ly, LyKdV
o ndx 2n o
2.1) 1
1 [ ©kp+ LKV .
L Ty jM( o + LK)

Now by Lemma 1.1 we have
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2.2 Jv (2Kp + LyK)dV = L{ [4K?0* + 4(n — 1)Ly, Ly K — (L K)YdV .

Substituting (2.2) in (2.1) we obtain (1.10).
Proof of Lemma 1.3. From (1.7) it follows that

1

(2’3) KijVipj = —_&pwk‘”hwk.ﬁh .
¢ 2¢

Ly (W, WHiR) 4 I’f%dp s

On the other hand, using V'K ;; = 1F/,K we have

2.4) Vi(Kis00%) = 3V K)pp* + Kijp'p? + pKi %o’ .
Also
2.5) Vi(Kpp®) = (V;K)pp* + Kp,p° + Kpdp .

Eliminating K, 70’ and (V,K)pp* from (2.3), (2.4) and (2.5), integrating over
M and using (1.5) and Lemma A we obtain

j K. o' pdV = lf oW o WEIRAY
M C M

(2.6) ~ 71’1? L{ LyLy(W ca W)V + % L{ Koid'dV
_ LLf Ko(2Kp + LyK)dV .
4nn — 1) Jx
Subtracting L J (2Kp + LyK)*dV’ from both sides of (2.6) we obtain
dn(n — 1) Jx
(1.11).

Proof of Lemma 1.4. FEliminating J Kp;ptdV from (1.10) and (1.11) and
M

using (1.9) we obtain (1.12).
Proof of Theorem 1.1. Assumption (1.13) of the theorem and Lemma 1.3
lead to the inequality

. 1
K, oo — — Y (Ko + L 2]dV>0,
IM[ °e 4n(n—1)( o+ LxK) -

which by Theorem A implies that M is isometric to a sphere.
Proof of Theorem 1.2. From (1.12) we have

2 2 Whidk J‘ [ 1 2__ 1 j]
: L[p Wain 55V 4 [ |t 0K+ LK)~ Kool |4V

2.7 .
= Zne UM {LaLx(W,ixW™9%) — clX, Dp]K}dV] .
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Theorem 1.2 follows from (2.7), Theorem A and the assumption that ¢ > 0.
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